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PARAMETRIC METHOD OF SOLVING A 

HEAT-CONDUCTION PROBLEM FOR A 

SEMIINFINITE BODY 

V. A. Volkov and E. M. Smirnov 

N O N L I N E A R  

UDC 536.21 

A new method is p roposed  for  solving heat -conduct ion p rob l ems  with nonl inear  boundary condi-  
tions. 

A ve ry  es sen t i a l  shor tcoming  of the wel l -known in tegra l  methods for  solving nonl inear  heat -conduct ion 
p r o b l e m s  [1] is the a p r i o r i  choice of the fami ly  of t e m p e r a t u r e  prof i les  or  of hea t - f lux  density.  The degree  
of approximat ion  of the adopted dis t r ibut ion of the sought va lues  to the t rue one and thus the e r r o r  of the m e t h -  
od depends one one ' s  intuition; as a ru le ,  they a r e  only sa t i s f ac to ry  in a finite range of the values  of the p a r a m -  
e t e r .  

Up to the mid-1960 ' s  a s i m i l a r  s i tuat ion could be obse rved  as r ega rd s  the re la ted  p rob l em of evaluat ing 
the l amina r  boundary l aye r  when the m u l t i p a r a m e t e r  method developed by Loi t syanski i  [2] was published, show- 
ing the way for  obtaining the fami l i e s  of the veloci ty  p rof i l es  in the bounda ry - l aye r  sect ion in a ra t ional  m a n -  
ner .  I t  was  based on solving the bounda ry - l aye r  di f ferent ia l  equation in new d imens ion less  p a r a m e t e r s  (the 
s imi l a r i t y  p a r a m e t e r s ) ,  thus ensur ing  good accuracy  of the obtained r e su l t s  when analyzing specif ic  p rob l ems .  

In this a r t i c l e  an a t tempt  is made to genera l ize  the concepts  of the Loi t syanski i  method to the nonl inear  
p rob l ems  of heat  conduction. 

We now cons ider  a heat -conduct ion p rob lem for  a semi in f in i t e  body with constant  t he rma l  c h a r a c t e r i s t i c s ,  
which can be fo rmula ted  as follows: 

c)T (x, .c) O~T (x, "0 = G  
OT Ox 2 

OT 

OT 
Ox = O, T =  T| as x - - + o o ;  

for x = O ,  

T = T  o(x) for ~=-0. 

(1) 

(2) 

(3) 

In this f o r m ,  the p rob l em  (1)-(3) is r e f e r r e d  to accord ing  to the c lass i f ica t ion  of [1] as a nonlinear  p r o b -  
l em of the second kind, where  the nonl inear i ty  appea r s  only in the boundary conditions (2). 

Ins tead of the va r i ab le  T(x, T), the va r i ab le  q(x, T) is introduced by means  of the re la t ion 

q (x, ~) = - - ~  
OT(x, T) (4) 

OX 
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and then the d imens ion less  va r i ab le  

o~ (x, ~) = q (x, x)/Q (Tp, Ts, x). 

Then the p rob l em (1)-(3) can be r ewr i t t en  as 

(5) 

dQ a..__~ a2~ (6) 
O d"--~ + Ox = a  Ox 2 , 

{ : = 1  f~ x=-O, (7) 
0 as x--+ oo; 

OTo 
~---- %(X) for x - - 0 .  (8) 

0 Ox 

The thickness  of the "f i l l ing-up" 

6" (x) = .i" o) (x, "r) dx (9) 
0 

is adopted as a m e a s u r e  of p e r f o r m a n c e ,  cha rac t e r i z ing  at eve ry  t ime instant  the size of the region of t e m -  
pe r a tu r e  var ia t ion;  the following d imens ion less  coordinate  is introduced: 

n(x, x) = x/a*(z). (10) 

By making use of the re la t ions  

a 2 1 a 2  a ( @ ) n da* 
Ox z a *~ 01"1 z ' aT 6" dx Or I ' 

where  a/ST denotes the explici t  pa r t i a l  d i f ferent ia t ion only, and employing (6), one obtains 

, ] 09  09  (11) OZ~ w - - ~ F - -  --fi~=z - 

O~ 2 aM ox " 

The following notation has  been introduced: 

F (x) .-= dz ld '% . (12) 

z (x) ~- 8*~la, (13) 

z aO 
f~ (x) . . . .  (14) 

O dx " 

The quantity fi(r) may be r ega rded  as the f i r s t  t e r m  of the p a r a m e t e r  s e r i e s  which can be evaluated by 
using the genera l  fo rmula ,  

z k dkQ 
f~ (x) = -- (15) 

Q d~h " 

By dif ferent ia t ing (15) it can eas i ly  be seen  that there  is the following r e c u r r e n c e  re la t ion  between the t e r m s  
of the se r i e s :  

where  

zdf~/dx = r (16) 

~% = k F h  § f~+~ - -  h&.  (17) 

The equation for  heat  balance is now obtained. To this end,  Eq. (6) is in tegra ted  with r e s p e c t  to x f r o m  
0 to ~o By introducing the d imens ion less  coordinate  r/, one obtains 

6* d6* 6* 2 dQ &P n~o" (18) 
~ +  Q dT = - - a - o  n 
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Hence ,  by us ing  (12)-(14) an e x p r e s s i o n  f o r  the quant i ty  F is obta ined:  

( F - - - - - 7 2  f i + - ~ -  =o . (19) 

T h u s ,  as  a r e s u l t  of  the t r a n s f o r m a t i o n s  c a r r i e d  out the hea t - conduc t i on  equat ion (1) has  been r educed  to 
i ts  d i m e n s i o n l e s s  f o r m  (11), and the h e a t - b a l a n c e  equat ion  (18) obtained f r o m  the l a t t e r  has  a s s u m e d  the f o r m  
(12) with (19) taken into account .  

Fo l lowing  [2], the d i m e n s i o n l e s s  m u l t i p a r a m e t e r  r e p r e s e n t a t i o n  of  the hea t  f luxes  q/Q = ~(r/, f l ,  f 2 , . . - )  
is cons ide red ;  the quant i t ies  fk can be r e p r e s e n t e d  as  p a r a m e t e r s  of gene ra l i zed  s im i l a r i t y .  

I t  wil l  be shown that  the d i m e n s i o n l e s s  va r i ab l e  ~o which is a funct ion of an infinite n u m b e r  of  independent  
v a r i a b l e s  7,  f l ,  f2 . . . .  , is  u n i v e r s a l  in the sense  that  it r e m a i n s  the s a m e  w h a t e v e r  the d i s t r ibu t ion  (with r e -  
spec t  to t ime) of  the d e n s i t y  of  the ex t e rna l  hea t  f lux Q(7). 

I t  wil l  be a s s u m e d  in our  f u r t h e r  c ons i de r a t i ons  that  the funct ion q~0/, f l ,  f2 . . . .  ) of an infinite n u m b e r  of 
a r g u m e n t s  ex i s t s  and is cont inuous ,  i ts  de r i va t i ve s  with r e s p e c t  to al l  v a r i a b l e s  a l so  being cont inuous.  

We p r o c e e d  in Eq. (11) to o the r  independent  v a r i a b l e s  f i ,  f2 . . . .  by m e a n s  of  the f o r m u l a  

0 cob 
Z 0T k=: 

which can be obta ined  f r o m  (16). T h u s ,  one obta ins  the sought  u n i v e r s a l  equat ion 

a2q~ 1 Oq~ ~-~ Oq~ 
O~l ~ ~ nF a~ f ~  k=, %' of,: 

which  should  be ana lyzed  with the boundary  cond i t ions  

(,0=1 for r l=O;  q)-----O as ~q-+oo;tp----q)0(rl ) for ft----f2 . . . . .  O, 

(2 o) 

(21) 

obta ined f r o m  (7) and (8) by p r o c e e d i n g  to o t h e r  v a r i a b l e s ,  which  a r e  a l so  u n i v e r s a l  in the s a m e  sense .  

The  l a s t  of  the condi t ions  (21) is found by us ing  Eq. (20) i tself .  By se t t ing  fl = f2 = �9 �9 �9 = 0 in (20), one 
obta ins  

d2% "d% d% n=o 

Hence ,  by us ing  the f i r s t  two condi t ions  of  (21), one f inds 

% =  1 W ~ -  exp ( - - u  z) d u = e r f c u ,  

0 

(22) 

whe re  u = ~/4~. 

The obta ined  r e s u l t  is ident ica l  to the solut ion of the l i n e a r  hea t - conduc t ion  p r o b l e m  with the boundary  
condit ions of the second  kind (Q = cons t ,  q0 = 0) [3]. Th i s  can e a s i l y  be e s t ab l i shed  by in tegra t ing  (12) with the 
init ial  condi t ions  z 0 = 0 f o r  r = 0, which leads  to z = 4~/7r; the l a t t e r  g ives ,  with the aid of  (10) and (13), an e x -  

p l ic i t  f o r m  f o r  the va r i ab l e  u: 

u = x / 2  V aT . 

The non l inea r  p r o b l e m  (20), (21) can only  be so lved  ff t he re  is a finite n u m b e r  of v a r i a b l e s  f l ,  f2 . . . .  
A s i n g l e - p a r a m e t e r  a p p r o x i m a t i o n  is now c ons ide r ed ;  this  c o r r e s p o n d s  to the a s s u m p t i o n  fl ~ 0, f2 = f3 = �9 �9 �9 = 
0. In this  ca se  the p r o b l e m  (20), (21) b e c o m e s  

0(p 0~ , + 1 0 ~  __/iq ) : r _ _  (23) 

w h e r e ,  in a g r e e m e n t  with (17), one has  ~v 1 = F f l - f } ;  

( p = l  for ~1=0; qD=O as ~l-+co; q)=erfc(rl/V-'-&) for / ~ = 0 .  
(24) 
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T A B L E  1. V a l u e s  of the F u n c t i o n s  F( l ) ( f l )  and @(1)07 , fl) 

cD (~, f,) 
F (f,) 

1,2732 

1,5528 

1,8324 

2,1156 

2,4022 

2,6918 

2,9340 

3,2737 

3,5754 

3,8741 

4,1745 

4,4766 

0 

- - 0 , 2  

--0,4 

--0,6 

--0,8 

--1,0 

--1,2 

--1,4 

--1,6 

--1,8 

- - 2 , 0  

--2,2 

o 

l,O000 

1,0000 

1,0000 

1 , ~  

1,0000 

1,0000 

1,0000 

1,0000 

1,0000 

1,0000 

1,0000 

1,0000 

0,2 

0,8127 

0,8117 

0,8107 

0,8098 

0,8089 

0,8080 

0,8072 

0,8063 

0,8055 

0,~047 

0,8040 

0,8032 

0,4 

0,6505 

0,6474 

0,6443 

0,6414 

0,63~6 

0,6359 

0,6333 

0,6308 

0,6284 

0,6261 

0,6238 

0,6216 

0,6 

0,5125 

0,5070 

0,5017 

0,4968 

0,4920 

0,4875 

0,4832 

0,4791 

0,4751 

0,4713 

0,4676 

0,46t0 

0,8 

0,3971 

0,3898 

0,3827 

0,3762 

0,3700 

0,3641 

0,3586 

0,3534 

0,3484 

0,343~ 

0,339C 

0,334~ 

1,o 

O, 3024 

3,2940 

3,2830 

3,2785 

3,2716 

3,2651 

0,2590 

0,2533 

O, 2479 

0,2423 

0,2320 

0,2334 

1,2 

0,2263 

3,2176 

3,2093 

3,2017 

~,1947 

9,1882 

0,1823 

0,1767 

0,1716 

0,1667 

0,1622 

0,1578 

1,4 

O, 1663 

O, 1581 

O, 1502 

O, 1430 

O, 1365 

O, 1306 

0,1252 

O, 1200 

0,1158 

0,1115 

O, 1076 

O, 1040 

1,6 

0,1199 

0 1127 

0,1057 

0,0994 

0,0938 

0,0888 

0,0843 

0,0802 

0,0765 

0,0731 

0,0700 

0,0672 

1,8 2,0 

0,0848 0,0588 

0,0790 0,0546 

0,0732 0,0501 

0,0680 0,0460 

0,0635 0,0425 

0,0595 0,0396 

0,0559 0,0370 

0,0528 0,0347 

0,0500 0,0327 

0,0475 0,0310 

0,0452 0,0294 

0,0431 0,0230 

T h i s  a p p r o x i m a t i o n  b e c o m e s  e x a c t  ff the  d e n s i t y  d i s t r i b u t i o n  of the e x t e r n a l  h e a t  f lux Qff )  is  l i n e a r  in T. 

E q u a t i o n  (23) wi th  the  b o u n d a r y  cond i t ions  (24) was  s o l v e d  n u m e r i c a l l y  by u s i n g  the s c h e m e  of the  s w e e p  
m e t h o d  [4]. The  i n t e g r a t i o n  w a s  c a r r i e d  out  wi th  the  s t e p  A~ = - A f i  = 0.1 un t i l  77 = 7 and fl  = - 2 . 3 .  By v i r t u e  
of  the u n i v e r s a l i t y  of (23) i t  can once and f o r  e v e r  be i n t e g r a t e d  and i t s  r e s u l t  t a bu l a t e d .  Hav ing  found the  s o l u -  
t i ons  ~(1)(~, f l ) ,  one can  a l s o  f ind and t a b u l a t e  the  q u a n t i t i e s  

Oq)(O n=0)' (25) F(') (f,) = - -  2 ( f ,  § 

(1) (') (q, f,) = 1 - -  S (~(11(~]' fi)dl]" (26) 
o 

The  o b t a i n e d  r e s u l t s  a r e  g iven  in T a b l e  1. [ F r o m  now on the s u p e r s c r i p t  (1) i s  o m i t t e d . ]  

The  func t ion  ~(~ ,  f0  r e p r e s e n t s  the  d i m e n s i o n l e s s  t e m p e r a t u r e  p r o f i l e  in  the body.  The  t r a n s i t i o n  to 
d i m e n s i o n a l  q u a n t i t i e s  u s e s  the  f o r m u l a  

Q ] : " ~ -  (I) 01, fi), (27) T = T |  )~ 

which  fo l l ows  f r o m  the r e l a t i o n  (41, the  l a t t e r  h a v i n g  been  i n t e g r a t e d  wi th  r e s p e c t  to x f r o m  x to ~o and h a v i n g  
p r o c e e d e d  to the  new v a r i a b l e s .  T h i s  i m p l i e s ,  in p a r t i c u l a r ,  tha t  

Q V ~ -  (28) 
Tp= T|  ~, , 

dTp Q /'-~- 

To f ind the f ina l  f o r m  of the so lu t i on  fo r  the p r o b l e m  (1)-(3) wi th  a g iven  s p e c i f i c  funct ion  Q(Tp ,  T s ,  r )  
i t  i s  n e c e s s a r y  to f ind ,  f i r s t  of  a l l ,  the  d e p e n d e n c e  of the p a r a m e t e r  fl and  the quan t i t y  z on t i m e .  Th i s  can 
be a c h i e v e d  by s o l v i n g  Eq. (121, which  in  a s i n g l e - p a r a m e t e r  a p p r o x i m a t i o n  b e c o m e s  

dz/d'~ = F (fi). 

The relation between ft and z is determined by the formula (14), in which by virtue of (2) one has 

dQ oQ +P(rp,  ~ ,  ~) drp d,~ -- O~ -~ -r  + "~ (Tp, T~, ~) dr~ 
d* 

(30) 

(31) 

1 1 0 1  



Fig, 1. The function O[(Kix)0 F ~ ]  
for  radia t ive  heat  t r ans fe r  for  T s = 
0 (m = 4). 

In the above 

P ( r p ,  ~ ,  ~) - OQ OQ OTp R(Tp, Ts, ~ ) -  . (32) 
- ' OTs 

Substituting (31) together  with (29) into (14), one obtains the equation 

( ) '-Q-z R ~ + d T  s ~OQ + ]/-~L P f '  + ~ = fi, (33) 

which jointly with (28) enables one to find the function ft(z) fo r  any t ime  instant  provided the ftmetion Ts(v) is 
known. 

It follows f rom Table 1 that the curve F(/0 can be approximated on the interval  - 2 . 3  -< fl -< 0 by the 
s t ra igh t  line 

~z = c -- b[,. (34) 

By using the method of l eas t  squares ,  one finds the values c = 1.247 and b = 1.460. 

The l a t t e r  enables one to find fl in (33) in an explici t  form:  

f t= [Q ( R dTSdx ~ OQ Ox +_~cP V ~ - ] / [  1 1--0.50~ p]jZ~-~-]. (35) 

By now eliminating fl f rom (30), with the aid of (34) and (35) one obtains an equation for z: 

- -  0.50 "] (36) dz = c - - b  R dTs_ 
d-c d'r § ~ + - ~  ]/-~ 1 -- 2 P V az 

The obtained equation has to be solved jointly with (28), since Q, p ,  and R depend on the quantity Tp,  
which is not known in advance. In the general  case ,  Tp in (28) cannot be given in t e rms  of z explici t ly;  it i s ,  
the re fo re ,  advisable to go over  to the var iable  Tp in (36). The express ion  

z = ~3 (rp -- T| ~ (37) 

obtaintable f rom (28) is now different ia ted with r e sp ec t  to t ime;  this yields 

dz Oz dTp + Oz dTp Oz _ 2 ( T p - - T |  [ ( l _ p  Tp--T~ I dTp 
= OTp dT OT s dT + OT aQ [\ Q "] dz 

Tp-- T| R dTL Tp-- T| OQ ] (38) 
Q dx Q O'c J" 

By inser t ing  (37) and (38) into (36), an equation is obtained with the single unknown Tp: 

2~,2(Tp--T| { I - -P  Tp--T.. '~ dTp _ (39) 
aQ 2 k (2 } d'~ 
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T A B L E  2. C o m p a r i s o n  of the R e s u l t s  in Evaluat ing  | for  Heat  T r a n s -  
f e r  by N e w t o n ' s  Law (m = 1) A c c o r d i n g  to [2] (upper f igure)  and A c -  
cord ing  to the P a r a m e t r i c  Method ( lower  f igure)  

I 

0 

0,2 

0,4 

0,8 

1,2 

0 , 0 1  

0,0113 
0,0111 

0,0077 
0,0076 

0,0050 
0,0050 

0,0018 
0,0018 

0,0006 
0,0005 

0,1 

0,1035 
0,1028 

0,0715 
0,0711 

0,0469 
0,0466 

0,0172 
0,0169 

0,0050 
0,0050 

Bi  x ]/'F--oo x 

1 

0,5725 
0,5780 

0,4136 
0,4232 

0,2830 
0,2935 

0,I l l1 
0,1232 

0,0328 
0,0433 

10 

0,9439 
0,9508 

0,7244 
0,75S6 

0,5256 
0,5s34 
0,2305 
0,3102 

0,0778 
0,1446 

50 

0,9887 
0,9905 

0,7655 
0,8045 

0,5621 
0,6320 

0,2520 
0,3543 

0,0871 
0,1763 

= c [ 1  b P(Tp--T|  ] 2~.z (Tp-- T.) 2 
- - - 2  q- - (1- -O.5b)P(rp- -T |  + aQ ~ 

• (R ers + oQ) (39) 
dx ~-T Q --  (1 --  0.5b) P (Tp --  V| 

A s a r e s u l t  of  t h e s e  t r a n s f o r m a t i o n s ,  the so lu t ion  of  the p r o b l e m  (1)- (3) ,  i r r e s p e c t i v e  of the funct ion 
Q = Q(Tp,  T s ,  r ) ,  r e d u c e s  to in tegrat ing  the d i f f erent ia l  equat ion (39) of the f i r s t  o r d e r  toge ther  with  the i n i -  
t ia l  condit ion Tp = Tp0 = T(0 ,  0) and wi th  the subsequent  eva luat ion  of the va lue  of  z and fl by us ing  the f o r -  
m u l a s  (37) and (35),  r e s p e c t i v e l y .  

In the c a s e  of  T s = c o n s t  and Q not  depending  on t i m e  e x p l i c i t l y ,  the v a r i a b l e s  in Eq. (39) can be s e p a r a t e  d 
and the so lut ion  can be w r i t t e n  as  

Tp 

a'~ _ f h (Tp) dTp, (40) J 

w h e r e  

Q2 Q 2 Q - -  (1 - -  0.5b) P (Tp - -  T| " 

T o  be able  to d e t e r m i n e  the e r r o r  of  the p r o p o s e d  approach  and to d e s c r i b e  the p r o c e d u r e  for eva luat ing  
the t e m p e r a t u r e  f i e ld ,  w e  a n a l y z e  in deta i l  the so lu t ion  of the p r o b l e m  (1)-(3)  in the c a s e  in which  the funct ion 
Q in the boundary condi t ions  (2) i s  g iven  by 

Q (rp) = am (T~ - -  r~), a m = const, T s = const. 

The expression (41) is then given by 

A (Tp) = 2 (Tp-- T=) IT,s- T~p + (l--0.Sb) mr'~ -l (Tp -- T| 
(77 - 7F)3 

(42) 

In the p a r t i c u l a r  c a s e  of m = 1 (Newton's  law of heat  t r a n s f e r  - a l i n e a r  p r o b l e m )  or  m = 4 one has  T s = 
0 (radiat ive  t r a n s f e r  heat  by in vacuum)  wi th  the in i t ia l  condit ion m = 4,  T0(x) =Too, one obtains  f r o m  (40) and (42) 

ep 

~z~av 2 ~" Op(1--O.5bOp) d| for m = 1, (43) 
k2 = %- J (1--Op) 3 

0 

~z~ TS~ ax 2 ffP Op[1 + Op(3-- 2b)l 
)~z ---- T (1 - -  Op) s dOp for m ----4. (44) 

0 
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T A B L E  3. C o m p a r i s o n  of the Resu l t s  in Eva lua t ing  @p fo r  R a d i a -  
tive Heat  T r a n s f e r  (m = 4) fo r  T s = 0 A c c o r d i n g  to [5] (upper f i g -  
ure)  and A c c o r d i n g  to the P a r a m e t r i c  Method (lower f igure)  

1/2 CF--o~ (Kix)~ r 
0,01 0,1 1 10 100 

0,01 
0,0108 

0,09 
0,0849 

0,31 
0,3184 

0,57 
0,5746 

0,76 
0,7502 

In the above @p = (Tp-Too) /g r  s - T,o) is the d i m e n s i o n l e s s  t e m p e r a t u r e  of  the su r face .  

I t  can ea s i l y  be o b s e r v e d  that  the so lu t ions  (43) and (44) a d m i t  the t r ad i t iona l  c r i t e r i a  f o r m u l a t i o n ,  
n a m e l y ,  

Bi~Fo~ = f~, (ep),  (I~i~)o ~ Fo~ = .% (ep),  

w h e r e  ~1 (| and ~4 (| a r e  the r i g h t - h a n d  s ides  of  the r e l a t i ons  (43) and (44) and can be tabula ted.  A c o m -  
puta t ion fo rmu la  fo r  the sought  t e m p e r a t u r e  f ield can be obta ined f r o m  (27) hav ing  subs t i tu ted  (37) in it: 

0 = OOp, 

w h e r e  | = ( T - T ~ o ) / ( T s - T ~ )  is the d i m e n s i o n l e s s  t e m p e r a t u r e .  

The funct ion ~(~, fl) is  found by us ing  Tab le  1; to apply i t ,  one eva lua tes  in advance  the quant i ty  ft by 
us ing  the f o r m u l a  

fi = / 2cep __ for m = 4 ,  
[Og2b - -  3)-- 1 

which follow f r o m  (35) and the quant i ty  

Bi~ for m = 1, 
Bi6o 

(Zi.Oo for m =  4, 
(Ki6*)0 

whe re  

Bi6* = 2/i ; (Ki6.)0 = - -  ft 1(3 - -  2b) fi + 2cl s (45) 
(2 - -  b) fi + c 16 [(2 - -  b)/t q- cl 

The e x p r e s s i o n s  (45) w e r e  obta ined  f r o m  (37). 

S i m i l a r l y  as  in [31, the ca lcu la t ion  r e s u l t s  w e r e  p r o c e s s e d  in the coo rd ina t e s  01 = Ol(Bix F ~ )  and 0 4 = 
O 4 [ ( K i x ) 0 ~ ]  f o r  1/F2~/~'~-= cons t  and they a r e  shown in Tab l e s  2 and 3 and in Fig.  1. The exac t  so lut ion of  
the l i n e a r  p r o b l e m  given in [3] enab les  one to e s t i m a t e  the e r r o r  of the p a r a m e t r i c  method .  It  fol lows f r o m  
Table  2 that  this me thod  p r o d u c e s  a l m o s t  exac t  r e s u l t s  f o r  the s u r f a c e  t e m p e r a t u r e .  If  one a l lows an e r r o r  of 
�9 1% f r o m  the m a x i m a l  t e m p e r a t u r e ,  then one can see  that  this r e q u i r e m e n t  is sa t i s f i ed  in a suf f ic ient ly  l a r g e  
va r i a t i on  domain  of the g e n e r a l i z e d  a r g u m e n t  0 --- Bi x --< 4"Fo x -< 1. In the r e m a i n i n g  range  of the va r i a t i on  of  
a r g u m e n t s  the e r r o r  n e v e r  exceeds  10%. B e a r i n g  in mind  that  in p r a c t i c e  one c o m p a r a t i v e l y  r a r e l y  c o m e s  
a c r o s s  the va lues  10 --- Bi Fxvrff--~-- < 50, the a c c u r a c y  of  the method  should be cons ide red  as good. 

F o r  the case  of  m = 4 no exac t  so lu t ions  w e r e  found as  s ta ted  in [1]. In [5], the cu rve  of  the t e m p e r a t u r e  
of  the body s u r f a c e  v e r s u s  t ime  obta ined by n u m e r i c a l  in tegra t ion  of the hea t - conduc t i on  equat ion  is shown. In 
Tab le  3 the va lues  of  the s u r f a c e  t e m p e r a t u r e  obta ined with the aid of the p a r a m e t r i c  me thod  w e r e  c o m p a r e d  
with the va lues  obta ined f r o m  a g raph  shown in [5]. I t  fol lows f r o m  Table  3 that  the a c c u r a c y  of  the p r o p o s e d  
me thod  is high.  F o r  p r a c t i c a l  ca lcu la t ions  the g raphs  of the r e l a t ions  0 4 = | fo r  1 / 2 ~  = cons t ,  
which enable  one to ca lcu la te  the t e m p e r a t u r e  f ield of  a semi inf in i te  body, a r e  shown.  

The  p r o b l e m s  so lved  above s e e m  to be the s i m p l e s t  in the i r  own c lass .  More complex  p r o b l e m s ,  
which  a r e  i m p o r t a n t  in p r a c t i c e  [such as  hea t  t r a n s f e r  by f r e e  convec t ion  (m = 5/4), r ad ia t ive  hea t  t r a n s f e r  
with T s ~ 0, r a d i a t i v e - c o n v e c t i v e  hea t  t r a n s f e r ,  e t c . ] ,  can  a l so  be solved in a s i m i l a r  manne r .  
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In conclusion, one should observe that this method can, in principle,  be extended to bodies of finite di-  
mensions,  and (which is especial ly important) its use enables one to solve conjugate hea t - t r ans fe r  problems 

relat ively easily. 

NOTATION 

T 
0 
q 
Q 

X 

5" 
T 

fk 
G 

k 

C~ m 
m 
Bi x = O~I~/A. 

(Klx)0 = Q0x/ 
k(Ts-Tpo)  
F o  x = ar / x  2 

,s the t empera ture ,  ~ 
~s the dimensionless  t empera ture ;  
Is the heat-f lux density, W/m2; 
is the heat-flux density on body surface,  W/m2; 
is the dimensionless  density of heat flux; 
Is the coordinate,  m; 
~s the dimensionless  coordinate;  
,s the thickness of filling, m; 
,s the t ime,  sec;  
,s the dimensionless  s imi lar i ty  pa rame te r ;  
,s the coefficient of thermal  diffusivity of body; m2/sec; 
is the coefficient of thermal  conductivity of body; W/m.  ~ 
,s the proport ional i ty  coefficient with dimension dependent on m; 
,s the coefficient descr ibing the hea t - t r ans fe r  law; 
is the Biot number;  

is the Kirpichev cr i ter ion;  
is the Four i e r  number.  

Indices 

0 is the initial value; 
p is the body surface;  
~o is the point at infinity; 
s is the surrounding medium. 
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